The spectrum of electrons from muons decaying in an atomic bound state is significantly modified by their interaction with the nucleus. Somewhat unexpectedly, its first measurement, at the Canadian laboratory TRIUMF, differed from basic theory. We show, using a combination of techniques developed in atomic, nuclear, and high-energy physics, that radiative corrections eliminate the discrepancy. In addition to solving that outstanding problem, our more precise predictions are potentially useful for interpreting future high-statistics muon experiments that aim to search for exotic interactions at 10 −16 sensitivity. 
Muons are very special elementary particles. They exhibit essentially the same electroweak interactions as electrons; however, their much larger mass (m µ 207m e ) endows them with some important features. Most noteworthy is the free muon decay rate which stems from its decay mode µ → eν e ν µ . The differential decay rate as a function of the electron energy [1, 2] and O α 2 effects [3] ) is given by
where α = 1/137.035 999 173(35) [4] , G F is the Fermi constant, and f (x) represents rather large, complicated radiative corrections that can significantly modify the electron spectrum.
The experimental lifetime of a stopped µ + , τ µ = 2.196 9803(22) × 10 −6 s (the most precise lifetime measurement for any unstable state [5] ) determines the strength of weak interactions quantified by G F . Comparing it with the fine structure constant and other highprecision electroweak observables, led to predictions for the top quark and Higgs scalar masses, before their discovery.
What happens when a µ − , rather than a µ + , is slowed down in matter? In vacuum the µ + and µ − lifetimes must be the same [6] ; but in matter, their decays can appear quite different. As the µ − loses energy and starts to come to rest, it gets bound to nuclei of charge Z due to their attractive Coulomb potential. The µ − quickly cascades down to the lowest 1S atomic orbital where it remains in a quantum wave function with a momentum distribution for which its average velocity is β Zα. Because the muon is bound, its decreased energy slows down the DIO rate. In addition, the electron produced in the decay feels the same binding interaction, which increases its wave function near the decay region, and thus the decay probability. Interestingly, these two effects approximately cancel [7, 8] , and the difference between the overall decay rates of free and bound µ − is mainly due to the time dilation resulting from the bound muon's motion. (In matter, a µ − can also undergo capture, µp → ν µ n, which changes its effective lifetime [9, 10] . We do not discuss that process here.)
While the binding changes the DIO rate only weakly, it modifies the spectrum of produced electrons. As a result of the muon's velocity distribution, the spectrum in Eq. (1) is Doppler shifted and smeared, rendering the radiative corrections embodied in f (x) quite complicated. In addition, nuclear-recoil effects on DIO lead to a very small high-energy tail in the spectrum extending all the way to electron energies E e ∼ m µ , well above the ∼ m µ /2 end-point energy of free muon decay at rest. Although tiny, the DIO events near E e ∼ m µ are an important background to searches for coherent µ − e conversion experiments that will probe for new exotic interactions at 10 −16 sensitivity, four orders of magnitude beyond current bounds [11, 12] . A precise understanding of DIO, not only the very-high-energy tail, but the entire electron spectrum, will be important for calibrating and fully exploiting the intended sensitivity of those experiments.
Leading-order theoretical predictions for the muon DIO spectrum, properly incorporating the effects of the Coulomb field of the nucleus on the muon decay, as well as the finite nuclear size, have been known for some time [13] [14] [15] . TWIST, an experimental muon decay program at TRIUMF, has provided the first precision test of those expectations for a wide range of DIO electrons with energies 18-70 MeV [16] using an aluminium stopping target.
Although general agreement was found between the TWIST measurements [16] and theory [13] [14] [15] , significant deviations were observed throughout the examined spectrum, particularly in the region around the free decay endpoint (E e ∼ m µ /2 ∼ 52 MeV) and at low energies 18-25 MeV. Quantum Electrodynamics (QED) corrections were ignored in [13] [14] [15] . Remarkably, the TWIST measurements were precise enough to be sensitive to these subtle effects. Indeed, the TWIST Collaboration noted the need for but lack of suitable radiative corrections for their analysis.
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Radiative corrections to the electron energy spectrum of a free muon decay are completely known up to second order in perturbation theory [2, 3] . However, no analysis of radiative corrections for a bound muon decay has been performed up to now.
Why has it taken five years since the completion of the TWIST experiment for theory to catch up? The challenge is in evaluating radiative effects for bound particles, whose interaction with the nucleus cannot be treated as a perturbation.
However, a similar problem has been solved in Quantum Chromodynamics (QCD), in the context of heavy quark decays, already 20 years ago. Interestingly, it was noted that the necessary theoretical framework had existed in yet another area, the formalism of deep-inelastic lepton scattering on nuclei; in his 1995 lectures Shifman wrote "I see absolutely no reasons why the corresponding theory was worked out only recently and not 20 years ago" [17] .
Our goal in this paper is to complete this cycle of theoretical developments by applying the main ideas to what should be the simplest case, namely QED. Toward that end, we derive a shape function that can be convoluted with the radiatively corrected free decay spectrum to approximate the effects of atomic binding. The range of validity for that prescription should extend from roughly m µ /2 (the free muon decay endpoint [1] ) down to much lower energies, regions where spectral discrepancies have been uncovered by the TWIST Collaboration. Explaining those differences was, indeed, a major motivation for this work.
Events with higher energy resulting from nuclear recoil effects are very rare, but extremely important near the DIO endpoint ∼ m µ where they are a background to searches for "new physics" via coherent µ − e conversion in atoms [18] . Incorporating radiative corrections in that region is not covered by our new method and is beyond the scope of this paper. Following Schwinger's approach [19] to bound states, we calculate the muon-energy shift due to the field of the nucleus as an average value of the mass operator in the 1S state. The optical theorem relates its imaginary part to the muon decay rate. Denoting the sum of momenta of neutrinos by q we have
where W αβ is the neutrino tensor and we can formally write the charged particle tensor as (we use Schwinger's notation [19] and neglect the electron mass)
We treat the nucleus as a static source of the electric field. Recoil effects can be neglected for the range of electron energies considered here, since the recoil energy
, with m N denoting the nucleus mass. (In the high-energy region of the spectrum, recoil effects are not suppressed by (Zα) 2 and modify the maximum allowed electron energy [18] .)
The Dirac wave function, describing the 1S state of the muon, can be approximated in the leading Zα order by its large components [20] . To separate the muon motion inside the atom from the motion of the whole system, we rewrite the covariant derivative as Π = m µ v + π, where v is the four-velocity of the muonic atom (v is time-like and v 2 = 1) and π describes the residual motion of the bound muon; spatial components of π are of the order of m µ Zα, and [π α , π β ] = ieF αβ . We now expand the spectrum in the region where
Zα (in the decay of a free muon, Q would be the four-momentum of the electron; this condition requires the produced electron to be almost on-shell). Keeping only the leading corrections in Zα we get
We exploit the lightness of the electron and decompose Q using a light-like vector, Q = v · Q n + δQ with n 2 = 0, n · v = 1 [21] . As long as E e m µ Zα, we can neglect the term π · δQ,
where s(λ) is a QED analog of the shape function [21] [22] [23] [24] that in our case can be explicitly evaluated using the muon's Schrödinger wave function ψ(x),
Great simplification can be achieved through a judicious choice of the electromagnetic gauge, reducing the effect of the Coulomb interaction on the electron. In the lightcone gauge, n · A = 0, we have
where ψ g k is the muon wave function in momentum space calculated in the light-cone gauge. Neglecting terms quadratic in the smearing variable λ, the delta function in Eq. (5), describing the electron's on-shell condition, can be rewritten as
withẼ = E e + λ + (Zα) 2 mµ 2 andm = m µ + λ. Note that in the free muon decay, the on-shell condition for the electron is q 2 − m 2 µ + 2m µ E e = 0. The muon mass and the electron energy can be replaced bym andẼ also in the matrix element in front of the delta function, since this introduces a change of higher order in Zα, beyond our target accuracy. Within that accuracy, the radiative corrections can be included by substituting a matrix element squared including virtual and real radiation for the tree-level expression in front of the integral in Eq. (5) .
As a result, the expression for the DIO spectrum becomes a convolution of the shape function with the spectrum of the free-muon decay, in a form familiar from heavy-quark physics [25] ,
where dΓ free dz denotes the differential decay rate of a free muon, including radiative corrections, with a daughter electron carrying energy E e = zm µ /2, and
Note that we have kept a term quadratic in Zα, arising from the binding energy of the muon,
. This term shifts the spectrum, since the maximum energy of the electron is E 1S rather than m µ . Around m µ /2, the derivative of the spectrum with respect to the energy behaves like 1 Zα , so we need to have the quadratic term in order to obtain the result correct to O (Zα).
Eq. (9) is noteworthy in several respects. First, the final state characterized by the observed value of E e arises from a superposition of contributions: the energy of the electron is modified by the motion of the muon and by the decay electron's interaction with the nuclear field. The probability of observing E e should involve a square of the sum of probability amplitudes; but the leading binding correction results in the sum of probabilities.
Second, in our present QED analysis, the shape function is derived from first principles. This is in contrast to QCD, where it was introduced [21] [22] [23] [24] . There, because of strong interactions, the shape function cannot be computed. Instead it has to be modelled, and constrained from experimental data.
Finally, the decay spectrum dΓ free /dz refers to a free electron, although we know that its interaction with the nucleus must be accounted for. Information about this interaction is encoded in s(λ). This is possible thanks to gauge invariance. The light-cone gauge enables us to approximately treat the electron as a free particle.
The muon, because of its relatively large mass, spends much of its time close to the nucleus. This means that the finite size of the nucleus has to be properly accounted for before we can compare our results with experimental data. In practical applications the muon wave function Theoretical electron-energy spectra for muon DIO compared with TWIST data (black points) [16] . The solid red (dotted blue) line is the spectrum with (without, [15, 18] ) O(α) radiative corrections. The green dashed line represents the spectrum of the free muon decay with radiative corrections [29] . Near the free muon endpoint, 52.8 MeV, there is a large negative QED correction which pushes the green line to zero, and the red line below the blue one. In the low-energy region, magnified in the inset, both radiative (green) and binding (blue) corrections are positive, leading to an increase of lowenergy electrons. The red line includes both effects.
is calculated numerically for an assumed model of charge distribution inside the nucleus. We calculate the muon wave function as in [18, 26, 27] , using a two parameter Fermi charge distribution 
In the numerical evaluation we have focused on aluminium, Z = 13, r 0 = 2.84 fm and a = 0.569 fm [28] , the target used in the TWIST experiment [16] and considered as the muon stopping material for the µ − e conversion searches at Fermilab and J-PARC [11, 12] . Including binding energy, E Al 1S ≈ m µ − 0.5 MeV. The normalization of the spectrum is very important when comparing theoretical calculations with data. The TWIST data, in addition to statistical errors, also has an energy scale uncertainty of ±0.2 per cent. We include it to improve the agreement between data and our calculation by expressing the spectrum as a function p of two fit parameters N and a,
The parameter a accounts for both experimental and theoretical energy scale uncertainties. Its fitted value, a ≈ 1.0015, differs from unity within the error range claimed by TWIST, i.e. ±2 × 10 −3 . Fig. 1 compares TWIST experimental data, obtained from the decay of muons bound in aluminum with theoretical spectra (free, lowest-order bound and including radiative corrections). We see that radiative corrections (obtained via Eq. (9)) bring theory and experiment into good agreement. The improvement is further demonstrated in Fig. 2 which highlights the difference between theory and experiment, with and without radiative corrections. The rather sizable radiative corrections (as large as 6 per cent) rearrange the spectrum, but tend to cancel in the total decay rate. We note that improved agreement for E e 52 − 54 MeV is due in part to a 0.15 per cent scale shift in a (see Eq. (12)) when our normalized fit to data includes radiative corrections. Also, the plot does not address experimental points above 54 MeV, where our approximations are no longer valid.
For convenient use of our results, we provide a simple fit to the spectrum which should be accurate up to effects of order (Zα) Relative difference between data and the theory prediction with (circles) and without (crosses) radiative corrections. The difference between the measured and the calculated spectrum is normalized to the theoretical spectrum, appropriate for each case.
The fit is normalized such that Γ =´2 0 dΓ dζ . The highenergy spectrum, including recoil and binding effects is given in [18] ; however, radiative corrections in that region have not been included.
In summary, we have derived a new method for approximating QED radiative corrections to muon DIO rates based on a formalism developed for heavy-quark weak decays in QCD. Its general features are in good accord with expectations based on Lorenz and gauge invariance. The radiative corrections are quite large near the spectral peak and at low energies, regions where the TWIST experiment had discovered discrepancies with theory. As a result, our new improved theoretical spectrum is now in excellent quantitative agreement with experiment and, where applicable, can be confidently used in future searches for exotic new physics.
